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Abstract
We construct metrizable Cantor manifolds for the transfinite extension of the Brouwer– ˇCech
dimension tr Ind which are countable disjoint unions of Euclidean cubes and the irrationals. The
construction is also simpler than constructions of metrizable Cantor manifolds for tr Ind published
hitherto.  2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
We shall denote by tr Ind the extension by transfinite induction of the Brouwer– ˇCech
large inductive dimension; cf. Section 2.
For a non-limit ordinal α, a compact space X is an α-dimensional Cantor tr Ind-
manifold, if tr IndX = α and no closed subset L of X satisfying the inequality tr IndL <
α−1 separates the space X. The first examples of α-dimensional metrizable Cantor tr Ind-
manifolds for infinite non-limit α were constructed by Olszewski [4]; the problem of
existence of such Cantor manifolds was raised by Pasynkov (see [1]) and some related
results were obtained earlier by Chatyrko [1].
In this paper we shall present a new, we believe simpler, construction of such Cantor
manifolds to the following effect:
Theorem. For each non-limit countable infinite ordinal α there exists an α-dimensional
metrizable Cantor tr Ind-manifold Xα which is a disjoint union of countably many
Euclidean cubes and the irrationals.
Smirnov [6] constructed for each α a compactum Sα with tr IndSα = α, each Sα being
a disjoint union of countably many Euclidean cubes. The main idea of our construction
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is to choose in a special way disjoint Cantor sets C1,C2, . . . in the unit interval and to
attach to each Ci Smirnov’s compactum Sα by a carefully defined continuous surjection.
The resulting space Xα , for non-limit α, has the properties described in the theorem. Being
decomposition spaces of the interval, the constructed continua are also locally connected.
This approach was suggested by an idea in the paper of Pol [5].
2. Auxiliary facts
Our topological terminology and notation are taken from [3,2] with the exception that
the symbol X ∼= Y means that the space X is homeomorphic to the space Y .
Let us recall that the large transfinite dimension tr Ind is the extension by transfinite
induction of the classical Brouwer– ˇCech large inductive dimension:
• tr IndX=−1 if and only if X = ∅;
• tr IndX  α, where α is an ordinal number, if for every pair A, B of disjoint closed
subsets of X there exists a partition L between A and B such that tr IndL< α;
• tr IndX is the smallest ordinal α with tr IndX  α if such an ordinal exists, and
tr IndX =∞ otherwise.
A comprehensive survey of the theory of tr Ind can be found in [2, Chapter 7]. Let us
recall that if X is a metrizable separable space and tr IndX =∞ then tr IndX <ω1.
Let us recall that the one-point compactification of the topological sum
⊕
i∈NKi , where
Ki are compact topological spaces for i = 1,2, . . . , is the space
ω
(⊕
i∈N
Ki
)
def=
⊕
i∈N
Ki ∪ {Ω},
where Ω /∈⊕i∈NKi with the base
B def=
⋃
i∈N
Bi ∪
⋃
i∈N
{Gi},
where Bi is a base of Ki and
Gi
def=
∞⊕
k=i
Kk ∪ {Ω} for i = 1,2, . . . .
The point Ω is called the compactifying point of ω(
⊕
i∈NKi). Note that ω(
⊕
i∈NKi) is
metrizable if the spaces Ki are metrizable for every i ∈N.
In our reasonings we will use the following simple facts, whose proofs are left to the
reader.
Fact 1. If a metric space X can be represented as the union F1 ∪ F2 ∪ · · · ∪ Fm of closed
subspaces such that tr IndFi  α for i = 1,2, . . . ,m and the set Fi ∩ Fj is finite for
i, j ∈ {1,2, . . . ,m}, i = j , then tr IndX  α.
Fact 2. If a metric space K is homeomorphic to the one-point compactification of the
union
⋃∞
i=1 Ki , where Ki are pairwise disjoint, compact sets and tr IndKi  α for i ∈ N,
then tr IndK  α.
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Fact 3. For every closed subspace M of a metric space X we have tr IndM  tr IndX.
Let us recall a description of Smirnov’s compact metrizable spaces Sα , where α < ω1,
such that tr IndSα = α.
Smirnov’s spaces are defined by transfinite induction: S0 = {0} is the one-point space,
S1 = I , where by I we denote the unit closed interval, Sα = Sβ × I for α = β+ 1 > 1, and
if α is a limit ordinal number, then Sα is the one-point compactification of the topological
sum
⊕{Sβ : β < α}.
We denote by C the standard Cantor set in I and by N the set of natural numbers. We
will also represent C as 2N def= {0,1}N with the Cartesian product topology, denoting by
hˆ : 2N→C the standard homeomorphism.
For k ∈ N ∪ {0} we will consider the set {0,1,2}k of k-sequences a = (a1, a2, . . . , ak),
where ai ∈ {0,1,2} for i = 1,2, . . . , k. For each sequence a ∈ {0,1,2}k and every n  k
we will denote by an the nth element of a and a  n def= (a1, a2, . . . , an). If a ∈ {0,1,2}k and
b ∈ {0,1,2}l then a ∧ b def= (a1, a2, . . . , ak, b1, b2, . . . , bl) ∈ {0,1,2}k+l, and the symbol
a ≺ b means that k  l and (a1, a2, . . . , ak)= (b1, b2, . . . , bk).
For each map f :X→ Y , we denote by f n the nth Cartesian power of the map f (i.e.,
f n :Xn→ Yn is defined by f n(x1, x2, . . . , xn)= (f (x1), f (x2), . . . , f (xn))). The symbol
F(X) denotes the family of closed subsets of the space X. Let us recall also the following
well-known lemma (see, for example, [5, Corollary 3.3]).
Lemma 1. Let X be a compact space and A=⋃∞n=1 An be the union of countably many
disjoint closed subsets An of X. Suppose that fn :An → Yn is a continuous 1n -mapping
of An onto the space Yn (i.e., diamf−1n (y) < 1n for every y ∈ Yn). Then the equivalence
relation E on the space X that corresponds to the decomposition of X into one-point
subsets of X \A and the fibers f−1n (x), where x ∈ Yn and n ∈ N, is closed. In particular,
the quotient space Y =X/E, which is said to be obtained by attaching the sets Yn to X by
means of the mappings fn, is a metrizable compact space.
3. Construction of the space Xα
Let α = β + k, where β is a limit ordinal and k is a natural number. Our space Xα is the
decomposition space of the interval I , obtained by taking a special family {Cn: n ∈ N} of
disjoint Cantor sets in I and attaching to every Cn the Smirnov space Sα by means of an
appropriately chosen 1
n
-mapping fn :Cn→ Sα .
To begin with, let us define a sequence {Cn}∞n=1 of disjoint Cantor sets in I . For n ∈ N
we divide the interval I into 32n−2 contiguous closed intervals of length 32−2n each and
we denote the set of these intervals by Bn. Next we divide each of these intervals of length
32−2n into nine contiguous subintervals of length 32n and in the middle one we take an
affine homeomorphic image of the standard Cantor set. We denote the union of all these
32n−2 Cantor sets by Cn. More precisely, denote a point of the interval I , which has a
tryadic expansion in the form
∑∞
i=1 ai/3i , where ai ∈ {0,1,2}, by 0, a1a2a3 . . . . For a ∈
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{0,1,2}2n−2 define a subintervalBa of I by Ba = {0, b1b2b3 . . . ∈ I : (b1, b2, . . . , b2n−2)=
a}. Let Ca ⊂ Ba be the standard Cantor set constructed in Ba∧(1,1), i.e., the set defined by
Ca = {0, b1b2b3 . . . ∈ I : (b1, b2, . . . , b2n) = (a1, a2, . . . , a2n−2,1,1); bi ∈ {0,2} for i >
2n}. Put Cn =⋃a∈{0,1,2}2n−2 Ca .
By definition the sets constructed above have the following properties.
(1) For every n ∈N we have Bn = {Ba : a ∈ {0,1,2}2n−2}.
(2) For every n ∈N and a ∈ {0,1,2}2n−2 the set Ba is a closed interval of length 32−2n.
(3) The set Ba′ ∩Ba′′ contains at most one element for a′, a′′ ∈ {0,1,2}2n−2, a′ = a′′.
(4) Ba′ ⊂ Ba′′ ⇔ a′′ ≺ a′.
(5) B∅ = I and for every m,n ∈ N, m  n and a ∈ {0,1,2}2n−2 we have Ba =⋃
e∈E Be, where E def= {e ∈ {0,1,2}2m−2: a ≺ e}.
(6) Cn =⋃a∈{0,1,2}2n−2 Ca and Cn ∩Ba = Ca for every a ∈ {0,1,2}2n−2.
(7) Cn ∩Cm = ∅ for n =m.
(8) For every n ∈N, Cn is a 32−2n-dense subset of I which is homeomorphic to C.
Let us define now continuous surjective mappings fn :Cn → Sα . Firstly, define a map
gˆ : 2N→ I by the formula
gˆ
(
(an)n∈N
)=
∞∑
i=1
ai/2i
(gˆ is the composition of the standard homeomorphism hˆ : 2N → C and the staircase
function; cf. [3, Example 4.4.4]).
Put Zj = {(an) ∈ 2N: ai = 1 if i < j and aj = 0} and let us enumerate the ordinals less
than β: {γj : j ∈N} = {γ : γ < β}. Then
2N =
(⋃
j∈N
Zj
)
∪ {(1,1,1 . . .)}∼= ω
(⊕
j∈N
Zj
)
and
Sβ = ω
(⊕
j∈N
Sγj
)
=
(⊕
j∈N
Sγj
)
∪ {pβ}.
For every j ∈ N we have Zj ∼= 2N, so there exists a continuous surjective mapping
gj :Zj → Sγj . Let g : 2N→ Sβ be the map defined by: (g(1,1,1, . . .))= pβ , g(x)= gj (x)
for x ∈ Zj . Obviously, g : 2N → Sβ is a continuous surjective map. Let ha : 2N → Ca ,
where a ∈ {0,1,2}2n−2, be the homeomorphism defined as the composition of hˆ and
the affine map, mapping C onto Ca (i.e., the map defined by: ha((b1, b2, b3, . . .)) =
0, a1a2 . . . an(2b1)(2b2)(2b3) . . .) and h : 2N → (2N)k+1 be the homeomorphism defined
by the formula:
h(a1, a2, a3, . . .) =
(
(a1, a(k+1)+1, a2(k+1)+1, . . .),
(a2, a(k+1)+2), (a2(k+1)+2, . . .), . . . , (ak+1, a2(k+1), a3(k+1), . . .)
)
.
Let la : I → Ba be a surjective, affine map, mapping I onto Ba . For n ∈ N define a
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map fn :Cn → Sα by the formula: fn|Ca = (g × (gˆ)k−1 × (la ◦ gˆ)) ◦ h ◦ h−1a for every
a ∈ {0,1,2}2n−2. The mapping fn|Ca can be described by the following diagram:
2N g−→ Sβ
IdSβ−→ Sβ
× × × × ×
2N gˆ−→ I IdI−→ I
× × × × ×
2N gˆ−→ I IdI−→ I
Ca
h−1a−→ 2N h−→ × × × × ×
...
...
...
...
...
× × × × ×
2N gˆ−→ I IdI−→ I
× × × × ×
2N gˆ−→ I la−→ Ba


k + 1
Note that for every n ∈N the mapping fn has the following properties:
(9) for every a ∈ {0,1,2}2n−2, fn maps Ca onto Sα−1 × Ba (this follows from the
diagram), and
(10) fn is a 1n -mapping.
Indeed, if for x, y ∈ Cn we have fn(x) = fn(y), then by (9), x ∈ Ca′ and y ∈ Ca′′ for
some a′, a′′ ∈ {0,1,2}2n−2 such that Ba′ ∩Ba′′ = ∅, so we have
|x − y|  diam(Ca′ ∪Ca′′) < diam(Ba′ ∪Ba′′)
 min
{
1,
(
1
32n−2
+ 1
32n−2
)}
=min
{
1,
2
32n−2
}
 1
n
.
We define Xα as the quotient space Xα = I/E, where E is the equivalence relation on
I corresponding to the decomposition of I into one-point subsets of I \⋃n∈NCn and the
fibers f−1n (x), where x ∈ Sα and n ∈N.
4. Proofs of the properties of Xα
By Lemma 1, (7) and (10), the quotient space Xα obtained by attaching countably many
copies of Sα to I by means of the mappings fn, is a metrizable compact space.
Let f : I →Xα be the quotient mapping corresponding toE. Define a map hn :f (Cn)→
Sα by the formula hn(f (x))= fn(x) for every x ∈ I . One can easily check that hn is well
defined and is a homeomorphism mapping f (Cn) onto Sα .
From the definition of E it follows that
(11) hn ◦ (f |Cn)= fn and so we have f |Cn = h−1n ◦ fn,
(12) the mapping f maps Cn onto h−1n (Sα) and Ca onto h−1n (Sα−1 × Ba) for every
a ∈ {0,1,2}2n−2 (this follows from (11) and (9)),
(13) f |(I \⋃n∈NCn) is an embedding, and
(14) for every m,n ∈N such that m = n we have f (Cn)∩ f (Cm)= ∅.
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Since the subspace I \ ⋃n∈NCn of I is a completely metrizable separable zero-
dimensional space which does not contain any non-empty compact open subspace then it is
homeomorphic to the irrationals by virtue of a theorem of Alexandroff and Urysohn (cf. [2,
Problem 1.3.E(b)]). This together with (13) and the fact that every f (Cn) is homeomorphic
with the space Sα , which is the countable union of disjoint Euclidean cubes, implies that
the space Xα is the disjoint union of countably many cubes and the irrationals.
To prove that Xα is really an α-dimensional Cantor tr Ind-manifold, it suffices to show
that Xα satisfies two conditions:
(15) for every partition L between any pair of points in Xα we have tr IndL α − 1,
(16) tr IndXα  α.
Proof of (15). Let L ⊂ Xα be a partition between any pair of points in Xα . Then
Xα\L = U ∪ V for some disjoint, nonempty, open sets U,V ⊂ Xα . Obviously, f−1(U)
and f−1(V ) are disjoint, nonempty, open subsets of I . By (1), for some n ∈ N and
a′, a′′ ∈ {0,1,2}2n−2 we have Ca′ ⊂ f−1(U) and Ca′′ ⊂ f−1(V ). Then f (Ca′) ⊂ U and
f (Ca′′)⊂ V , so L∩ f (Cn) is a partition between f (Ca′) and f (Ca′′) in f (Cn). Therefore
by (11) and (9) the set hn(L∩f (Cn)) is a partition between hn(f (Ca′))= Sα−1 ×Ba′ and
hn(f (Ca′′))= Sα−1×Ba′′ in hn(f (Cn))= Sα−1× I = Sα . One can easily prove that every
partition between Sα−1 × Ba′ and Sα−1 × Ba′′ in Sα−1 × I contains a partition between
Sα−1×{0} and Sα−1×{1}. Therefore, since every partition in Sα−1×I between Sα−1×{0}
and Sα−1 × {1} has large transfinite dimension not less than α − 1 (for the proof see, for
example, [2, Example 7.1.33]), tr Ind(L ∩ f (Cn)) = tr Ind(hn(L ∩ f (Cn))) α − 1, so,
by Fact 3, we have tr IndL α − 1. ✷
To prove (16) let us define first a certain familyW of closed subsets of Sα . LetW be the
minimal family of subsets of Sα which is closed with respect to finite unions and closed
subspaces such that
(a) all the sets of the form Sβ × F , where F ∈F(I k) and IndF  k − 1, belong to W ,
and
(b) all the sets of the form Sγ × Ik , where γ < β , belong to W .
Let us define now a family of closed subsets of f (Cn)∼= Sα by
Wn def= h−1n (W)=
{
h−1n (D): D ∈W
}
.
Obviously, the family Wn is closed with respect to finite unions and closed subspaces.
Lemma 2. If D ∈W then tr IndD  α − 1.
Proof. Let D ∈W . Then D ∈F(E) where E def= (Sγ1 ∪Sγ2 ∪ · · ·∪Sγm)× Ik ∪Sβ ×F for
some m ∈N and some F ∈F(I k) such that IndF = k − 1. Let us define
E′ = (Sβ \
(
Sγ1 ∪ Sγ2 ∪ · · · ∪ Sγm)
)× F and S′γi+k def= Sγi × Ik ∼= Sγi+k.
It is easy to see that E = S′γ1+k ∪S′γ2+k ∪ · · ·∪S′γm+k ∪E′ and S′γ1+k, S′γ2+k, . . . , S′γm+k,E′
are open-and-closed pairwise disjoint subsets of E. We have E′ ∈ F(Sβ × F) and
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tr Ind(Sβ × F) β + (k − 1)= α − 1 (this follows from the fact, that for each countable,
limit ordinal κ and for each compact, metrizable space Y with IndY  n, where n ∈N we
have tr Ind(Sκ × Y )  κ + n; cf. [2, Example 7.1.33]), so tr IndE′  α − 1. Moreover,
tr IndS′γi+k = tr IndSγi+k  β  α − 1 for every i = 1,2, . . . ,m, hence, by Fact 1,
tr IndE  α − 1 and by Fact 3 we have tr IndD  α− 1. ✷
Corollary. If D ∈Wn, then tr IndD  α − 1.
Define a map f˜ : 2N→ Sα by the formula: f˜ = (g × gˆk) ◦ h. Note that the mapping f˜
is described by a part of the diagram. By the diagram we have:
(17) fn|Ca =
(
IdSβ × Idk−1I × la
) ◦ f˜ ◦ h−1a .
Lemma 3. Let pi : 2N→{0,1} be the projection onto the ith factor. Then(
f˜
(
p−1i {0}
)∩ f˜ (p−1i {1})) ∈W .
Proof. Obviously, for some j ∈ N and l ∈ {1,2, . . . , k + 1} we have: h(p−1i {0})= A1 ×
A2 × · · · ×Ak+1, h(p−1i {1})=O1 ×O2 × · · · ×Ok+1 where Al = p−1j {0}, Ol = p−1j {1}
and Am =Om = 2N for m ∈ {0,1, . . . , k + 1} \ {l}. There are two possibilities:
• If l = 1 then by the diagram we have:
f˜
(
p−1i {0}
)∩ f˜ (p−1i {1})= (g(p−1j {0})∩ g(p−1j {1}))× Ik.
It is easy to see that p−1j {0} ⊂ (Z1 ∪ Z2 ∪ · · · ∪ Zj), so we have g(p−1j {0}) ⊂
(Sγ1 ∪ Sγ2 ∪ · · · ∪ Sγj ).
Therefore the set f˜ (p−1i {0}) ∩ f˜ (p−1i {1}) is a closed subset of the set (Sγ1 ∪ Sγ2 ∪
· · · ∪ Sγj )× Ik , and hence (f˜ (p−1i {0})∩ f˜ (p−1i {1})) ∈W .
• If l > 1 then by the diagram we have:
f˜
(
p−1i {0}
)∩ f˜ (p−1i {1})= Sβ ×E1 ×E2 × · · · ×Ek,
where El = gˆ(p−1j {0}) ∩ gˆ(p−1j {1}) and En = I for n ∈ {0,1, . . . , k} \ {l}. One can
easily check that the set El is finite, so (f˜ (p−1i {0})∩ f˜ (p−1i {1})) ∈W . ✷
Lemma 4. For every m,n ∈ N and every different a′, a′′ ∈ {0,1,2}2m−2 the set D def=
f (Cn ∩Ba′)∩ f (Cn ∩Ba′′) belongs to Wn.
Proof. There are four possibilities:
• If nm then by (5), (6) and (12) we have:
D = f
(
Cn ∩
⋃
e′∈{0,1,2}2n−2
a′≺e′
Be′
)
∩ f
(
Cn ∩
⋃
e′′∈{0,1,2}2n−2
a′′≺e′′
Be′′
)
=
⋃
e′,e′′∈{0,1,2}2n−2
a′≺e′, a′′≺e′′
f (Cn ∩Be′ )∩ f (Cn ∩Be′′)
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=
⋃
e′,e′′∈{0,1,2}2n−2
a′≺e′, a′′≺e′′
h−1n (Sα−1 ×Be′)∩ h−1n (Sα−1 ×Be′′)
= h−1n
( ⋃
e′,e′′∈{0,1,2}2n−2
a′≺e′, a′′≺e′′
Sα−1 × (Be′ ∩Be′′)
)
.
From (3) it follows that D = h−1n (Sα−1×F ′), where F ′ is finite. The set Sα−1×F ′ =
Sβ × Ik−1×F ′ is of the form described in (a) and thus belongs toW , hence D ∈Wn.
• If n < m and a′  2n− 2 def= e′ = e′′ def= a′′  2n− 2 then by (4) the set D is a closed
subset of the set f (Cn ∩ Be′ ) ∩ f (Cn ∩ Be′′), which belongs to Wn by the previous
case, so D is an element of Wn.
• If n < m and a′  2n− 2 = a′′  2n− 2 def= a, while a′  2n= a′′  2n= a∧(1,1) and
a′(k), a′′(k) ∈ {0,2} for 2m− 2 k > 2n, then there exist l ∈N and j ∈ {0,1} such
that h−1a (Cn ∩Ba′)⊂ p−1l (j ) and h−1a (Cn ∩Ba′′)⊂ p−1l (1− j). Then by (17) and by
injectivity of the mapping IdSβ × Idk−1I × la , the set
D = h−1n
(
fn(Cn ∩Ba′)∩ fn(Cn ∩Ba′′)
)
= h−1n
((
IdSβ × Idk−1I × la
)(
f˜
(
h−1a (Cn ∩Ba′)
))
∩ (IdSβ × Idk−1I × la)(f˜ (h−1a (Cn ∩Ba′′)))
)
= h−1n
((
IdSβ × Idk−1I × la
)(
f˜
(
h−1a (Cn ∩Ba′)
))∩ (f˜ (h−1a (Cn ∩Ba′′)))
)
is a closed subset of the set h−1n ((IdSβ × Idk−1I × la)(f˜ (p−1l (0))) ∩ (f˜ (p−1l (1))))
belonging to Wn (this follows from Lemma 3 and from the fact thatW is closed with
respect to images under the mapping IdSβ × Idk−1I × la), so D is an element of Wn.
• If n < m and a′  2n− 2 = a′′  2n− 2 def= a but the previous case does not hold then
one of the sets Cn ∩ Ba′ , Cn ∩ Ba′′ contains at most one element. Thus the set D
contains at most one element and so is an element of Wn. ✷
Proof of (16). Let J,K ⊂ Xα be any disjoint, closed sets. Then f−1(J ), f−1(K) are
disjoint, closed subsets of I , so there exists ε > 0 such that if x ∈ f−1(J ) and y ∈ f−1(K)
then |x − y|> ε.
Therefore by (2), for some m ∈N we have:
for every a ∈ {0,1,2}2m−2, Ba ∩ f−1(J )= ∅ or Ba ∩ f−1(K)= ∅,
so we can divide the set Bm into two disjoint sets B′m,B′′m such that
⋃B′m ∩ f−1(J )= ∅
and
⋃B′′m ∩ f−1(K)= ∅. Let us denote K ′ =⋃B′m and J ′ =⋃B′′m. From the definitions
of Bm,K ′ and J ′ it follows that f (K ′) ∩ J = ∅, f (J ′) ∩K = ∅ and f (J ′) ∪ f (K ′) =
f (J ′ ∪K ′)= f (I)=Xα , so the sets Xα \f (K ′), Xα \f (J ′) are disjoint, open subsets of
Xα containing K and J , respectively and the set L
def= f (J ′)∩f (K ′) is a partition between
J and K in Xα . To prove (12) it suffices to show that tr IndL α − 1.
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By (13) and (14) we have:
L= f (J ′ ∩K ′)∪
⋃
n∈N
Fn where Fn
def= f (Cn ∩ J ′)∩ f (Cn ∩K ′).
By (6), for every l m we have
Fn =
⋃
a′,a′′∈{0,1,2}2l−2
Ba′⊂J ′, Ba′′⊂K ′
f (Cn ∩Ba′)∩ f (Cn ∩Ba′′).
Applying Lemma 4 we see that Fn is a finite union of sets belonging toWn; hence Fn ∈Wn
for n ∈N. Then by the corollary, we have tr IndFn  α − 1.
If nm, then putting l = n and applying (6) we obtain:
Fn =
⋃
a′,a′′∈{0,1,2}2n−2
Ba′⊂J ′, Ba′′⊂K ′
f (Cn ∩Ba′)∩ f (Cn ∩Ba′′)
=
⋃
a′,a′′∈{0,1,2}2n−2
Ba′⊂J ′, Ba′′⊂K ′
f (Ca′)∩ f (Ca′′).
Obviously, L = L′ ∪⋃mi=1 Fi where L′ def= f (J ′ ∩ K ′) ∪⋃∞j=m+1 Fj . Note that since
J ′ ∩ K ′ is finite (this follows from (3)) and Fn ∩ Fn′ = ∅ for n = n′ (this follows from
(14)), then the intersection of L′ with every Fi is finite for i = 1,2, . . . ,m. Therefore,
by the corollary and Facts 1–3, to prove that tr IndL  α − 1 it suffices to show that
L′ =⋃x∈J ′∩K ′Z(x), where the sets Z(x) satisfy the following conditions:
(18) for every x ∈ J ′ ∩K ′ the set Z(x) is the one-point compactification of countably
many disjoint sets belonging to ⋃n∈NWn with the compactifying point f (x), and
(19) for any pair of different points x, x ′ ∈ J ′ ∩ K ′ the intersection Z(x) ∩ Z(x ′) is
finite.
We have:
L′ = f (J ′ ∩K ′)∪
⋃
n>m
⋃
a′,a′′∈{0,1,2}2n−2
Ba′⊂J ′, Ba′′⊂K ′
f (Ca′)∩ f (Ca′′).
From (12) it follows that if for some a′, a′′ ∈ {0,1,2}2l−2 the set f (Ca′) ∩ f (Ca′′) is
nonempty, then Ba′ ∩Ba′′ = ∅, and if moreover Ba′ ⊂ J ′ and Ba′′ ⊂K ′, then Ba′ ∩Ba′′ =
{x} ⊂ J ′ ∩K ′ (this follows from (3)). Thus we have:
L′ = f (J ′ ∩K ′)∪
⋃
n>m
⋃
a′,a′′∈{0,1,2}2n−2
Ba′ ∩Ba′′={x}⊂J ′∩K ′
f (Ca′)∩ f (Ca′′).
For every x ∈ J ′ ∩ K ′ and n > m denote by a′(x,n) (respectively, a′′(x,n)) the only
a ∈ {0,1,2}2n−2 such that x is the right (respectively, the left) end of the interval Ba .
Then
L′ =
⋃
x∈J ′∩K ′
(
f (x)∪
⋃
n>m
f (Ca′(x,n))∩ f (Ca′′(x,n))
)
.
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For x ∈ J ′ ∩ K ′ and n > m denote Y (x,n) = f (Ca′(x,n)) ∩ f (Ca′′(x,n)) and Z(x) =
f (x)∪⋃n>m Y (x,n). By (14), for every x ∈ J ′ ∩K ′ the sets Y (x,n), for n=m+ 1,m+
2, . . . , are pairwise disjoint. Moreover, every sequence {yl} such that yl ∈ Y (x, k + l) for
l = 1,2, . . . , is an image of some sequence {xl} such that xl ∈ Ba′(x,m+l); by (2), the
sequence {xl} converges to x , so {yl} converges to f (x). Therefore Z(x) is the one-point
compactification of the disjoint sum ⋃n>m Y (x,n). By Lemma 4, the set Y (x,n) belongs
to Wn for every x ∈ J ′ ∩K ′ and n >m. This completes the proof of (18).
It can be easily verified that for x, x ′ ∈ J ′ ∩K ′, x = x ′ and n > m we have Ba′(x,n) ∩
Ba′(x ′,n) = ∅, so, by (12), f (Ca′(x,n)) ∩ f (Ca′(x ′,n)) = ∅. In addition, by (14) we have
f (Ca′(x,n)) ∩ f (Ca′(x ′,n′)) = ∅ for every x, x ′ ∈ J ′ ∩ K ′ and n,n′ ∈ N such that n = n′.
Therefore for x = x ′ we have:( ⋃
n>m
Y (x,n)
)
∩
( ⋃
n>m
Y (x ′, n)
)
= ∅,
hence (19) is proved.
Thus tr IndL α − 1, which completes the proof of (16). ✷
5. Remarks
Remark 1. For every countable non-limit ordinal α denote by γ (α) the least ordinal γ
with the property that tr IndSγ = α (such an ordinal exists and it is also a countable non-
limit ordinal; see, for example, [4]). Then Xγ(α) is a metrizable α-dimensional Cantor
tr Ind-manifold, i.e., Xγ(α) is a metrizable compact space such that tr IndXγ(α) = α and
for every partition L in Xγ(α) between any pair of points we have tr IndL  α − 1. The
proof of this fact requires some modification of the reasonings given in this paper and will
be given elsewhere.
Remark 2. Modifying our construction by replacing every map fn by any continuous
map fˆn :Cn → In mapping Ca onto In−1 × Ba for every a ∈ {0,1,2}2n−2, we obtain an
example of an (ω0 + 1)-dimensional Cantor tr Ind-manifold which is simpler than Xω0+1.
Remark 3. Slightly modifying our construction, we can construct for every countable
limit ordinal β and every γ < β a metrizable, compact space Xβ,γ with tr IndXβ,γ = β
and such that every partition L in Xβ,γ between any pair of points satisfies the condition
tr IndL γ .
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